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Abstract 
Let S be an I-dimensional sphere. A sphere arrangement 28 is a finite collection of 
spheres in S with each possible intersection being either a sphere or a single point. There is 
no assumption on the dimension of the elements of 9. Let M(g) = S - lJ BE g B be the 
complement of 3’. If %’ is the one-point compactification of a subspace arrangement .d, 
then M(s) ?MM(.d). A method of calculating the additive structure of H *(M(@‘)) was 
given by Goresky and MacPherson using stratified Morse theory, proving that H”(M(&‘)) 
depends only on the set of all intersections of elements of JZ’ partially ordered by inclusion. 
In this paper, we present an alternate method of calculating H”(M(S’)) for a sphere 
arrangement g, using the generalized Mayer-Vietoris spectral sequence and the nerve 
poset. We include an example of a subspace arrangement whose complement has torsion in 
its cohomology. 
Key words: Cohomology, Mayer-Vietoris spectral sequence; Nerve poset; Subspace arrange- 
ment 
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1. Introduction 
Let S be an Z-dimensional sphere. A sphere arrangement S? = (~3, S> = (B,l.L, 
is a finite collection of spheres in S which satisfies the following conditions: S 
admits a CW-decomposition where B, = n iEvBj is a subcomplex, for each 
a&Z={l,..., n}, and each B, is either a sphere or a single point. Let the center 
T9 of 93’ be the intersection of all the elements of 93’. Note that Ts f 6. A sphere 
arrangement 59 is called proper if each B, is a sphere. 
Let V be an I-dimensional real vector space. A subspk~~ arrangement .d = 
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cd, if> = L4,li”=, is a finite collection of affine subspaces in V. A subspace 
arrangement & is central with center TM if TM = (7 A t dA # 6. 
Let S be the one-point compactification of I/. The one-point compactification of 
a subspace arrangement .@ = {A,}~~=, is a sphere arrangement JB consisting of the 
one-point compactifications of the elements of _Q! with the same point at infinity 00 
in S. Thus, 9 = {Bi =Ai u ~)LY1. We call ~8 the associated sphere arrangement of 
the subspace arrangement _CZZ and denote the one-point compactification of Ai by 
Bi =Ai u m henceforth. If &’ is a central subspace arrangement, then the associ- 
ated sphere arrangement zZ? is a proper sphere arrangement. 
Let N(g) = U B (@B be the union of 3, and let M(s) = S - N(B’) be the 
complement of 58. Similarly, let N(d) = l_l A EdA be the union of &, and let 
M(d) = I/- N(d) be the complement of &. 
If 9 is the associated sphere arrangement of a subspace arrangement .B?, then 
M(g) is homeomorphic to M(d), and N(s) is the one-point compactification of 
AX.@‘). Hence, the study of subspace arrangements, in particular their comple- 
ments, is closely related to the study of their associated sphere arrangements. 
In [3], using stratified Morse theory, Goresky and MacPherson gave the first 
description of the cohomology groups of the complement of a subspace arrange- 
ment MC&‘) in terms of the homology groups of certain order complexes obtained 
from the intersection poset with underlying set the intersection of elements of & 
ordered by inclusion. 
Our aim is to extend the analysis of the cohomology groups of the complement 
to sphere arrangements, giving an alternate description of the cohomology groups 
of the complement of a subspace arrangement in terms of the homology groups of 
certain subcomplexes of the nerve of the covering of its associated sphere arrange- 
ment 9. 
The homology of N(.z~) is found using the generalized Mayer-Vietoris spectral 
sequence. In particular, a description of the E2 term is given in terms of the nerve, 
the spectral sequence is shown to collapse at the second term, and an explicit 
isomorphism up to the choice of caps between the E2 description and H,(N(B’)) 
is exhibited in getting around the extension problem. The cohomology groups of 
M(z%‘) are then found using Alexander duality. 
In the case where 56 is the associated sphere arrangement of a subspace 
arrangement &‘, this method gives a description of the cohomology groups of 
M(d) since M(d) z M(s). So H”(M(&‘)) is expressed in terms of two different 
complexes. It should also be noted that the spectral sequence description of 
H”(M(&)) could have been stated in terms of cohomology with compact supports, 
rather than using the associated sphere construction. 
Finally, it was noted in [9] that, unlike hyperplane arrangements, a subspace 
arrangement can have torsion in the cohomology of its complement. We include 
such an example in illustrating the spectral sequence method. 
2. Nerve poset K(9) and intersection poset L(9) 
Let 58 = {B,}i”,l be a sphere arrangement. 
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2.1. The nerve poset K(9) 
Give the elements of 37 a linear order (B,, . . . , B,} with index set C = (1,. . . , n). 
The nerve K of 95’ is the abstract simplicial complex with vertex set J$ and whose 
simplexes are the nonempty subsets (T of 2 such that B, = fl irPBi is nonempty. 
Since the center T9 is nonempty, the nerve K is a simplex. 
Definition 2.1. Let K(9) be the set of all simplexes u of the nerve K of 9. 
Define a partial order on K(S’) by reverse inclusion on the simplexes of K: 
a<r ifandonlyif r~a. 
K(9) is called the nerve poset. ’ Define a dimension function d, : K(L%‘) -+ Z by 
d,(a) = !;@J 
i” 
;f 2 1; ,;o;n;omt, 
I7 
While the partial order is by reverse inclusion on the simplexes CT, it corresponds 
to inclusion on the spaces B,. The 0-simplexes are the maximal elements of K(G’). 
The dimension function d, associates to each simplex of K the dimension of its 
corresponding sphere, if we adopt the convention that S-’ denotes a single point. 
The map d, is semi-order preserving, that is, if u < r, then d,(u) < dK(r). 
Next we define an equivalence relation on K(9) that indicates which u, under 
the natural inclusion maps B, + N(9), have the same image. Thus, the equiva- 
lence relation, together with the partial order, yields information about how the 
spheres in 9 intersect. 
Definition 2.2. Define an equivalence relation - on K(S) by u * T if B, = B,. 
Clearly, - is an equivalence relation since the equality of spaces is. Note that 
the equivalence classes of K(9) are of the form {a I B, =X}. 
Lemma 2.3. The equivalence relation - is determined by d, on K(9), via the 
following relationship. For u, T E K(9), u - 7 if and only if there exists an 
q E K(9) such that 77 G u, 77 G r and dK(q) = d,(u) = d,(T). Thus, each equiva- 
lence class in K(9) has a unique minimal element. 
Proof. (-1 Let u - T. Let n be the simplex spanning the vertices of u and r. 
Clearly, u > 77 and r 2 7. Since d,(u) = dK(T) = r and B, = fl irC UTBI, dK(T) = 
,. 
(-> Let q < u and dK(q) = d,(u). It suffices to show that 77 - u. Since n < u, 
u c n and B, c B,. If dK(q) = d,(u) = - 1, then B, and B, are the same point, 
’ For a subspace arrangement &, the nerve poset K(d) can also be defined similarly. Let ~3 be the 
associated sphere arrangement. If _w’ is central, KC&)- KC.%‘). If _u’ is noncentral, K(Jx’L”)- K(B)- 
((TIB,=m). 
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so rl -CT. If dK(n) = dK(~) = r 2 0, then B, and B, are r-spheres. By the 
Invariance of Domain Theorem, B, = B, and n - CT. 0 
2.2. The intersection poset L(.%‘) 
Definition 2.4. Let L(9) be the set of all intersections of elements of 9. Define a 
partial order on L(9) by inclusion: 
XG Y if and only if XCY. 
L(9) is called the intersection poset of 9. 2 Define a dimension function 
d, : L(.27) - Z by 
if X is not a point, 
if X is a point. 
We do not include the empty intersection S in L(9). The map d, is order 
preserving, that is, if X < Y, then d,(X) < d,(Y). Since the intersection of all the 
elements of 9 is nonempty, L(9) has a unique minimal element T9. 
Definition 2.5. Let L(ss?F- be the poset L(9) - IX IX is a point}, and let 
L(9); = L(zW n dL ‘(4) be the set of all q-spheres in L(9)-. 
2.3. The poset map cp : K(9) -+ L(A5’) 
There exists a natural map between K(9) and L(9) which is intimately 
related to the equivalence relation of KC&F?). 
Definition 2.6. Define the poset map cp : K(9) + L(9) by &a) = B,. Let C+-‘(X) 
= (a EK(.AZG’) 1 cp(a) =X} be the pullback of XE L(s&‘). 
The poset map cp is surjective and semi-order preserving, and the dimension 
functions on K(9) and L(9) satisfy d, = d, 0 cp. 
The map cp and the equivalence relation - on K(9) are related by the 
following proposition. 
Proposition 2.7. Let u E K(9), and suppose that cp(a) =X. Then cp-l(X) = {T E 
K(9) I7 - a}. 
In general, cp is not injectiue. We call an equivalence class trivial if it consists of 
a singleton. 
Next, we define the fundamental objects which carry the homology of N(9). 
2 Some authors define the intersection poset L(d) over .w’ rather than over LB and partially order 
L(s’) by reverse inclusion rather than inclusion. 
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Definition 2.8. Let K[X] denote the subcomplex of the nerve K defined by 
K[X]={UEKIB,~X}. 
Let K(X) denote the subcomplex of the nerve K defined by 
K(X)={a~Kll?,zXj. 
It should be clear from context whether K[Xl and K(X) denote simplicial 
complexes or are the underlying sets of subposets of K(B). Note that K(X) is a 
subcomplex of K[X] when viewed as a subcomplex of K, and K[X] = K(X) L_ 
cp-l(X) when viewed as the underlying set of a subposet of K(9) where u 
denotes the disjoint union. 
3. The generalized Mayer-Vietoris sequence 
The union N(9) has a CW-complex decomposition which is covered by the 
CW-decompositions of the Bi of ~5’. Let K be the nerve of the covering of 9, and 
let Kcp) be the set of all p-simplexes of K. Let KY) = Kcp) n d,‘(q) be the set of 
all p-simplexes of K associated with q-spheres, and let KY) = Kcp) n cp-l(X). 
Let ai : C(B,) + C(B,,,) be the chain map induced by the inclusion map from 
B, into B,,, where $(T is the ith face of (T under the usual simplicial boundary 
operator, and let &i : C(B,) + C(N(25’)) be the chain map induced by the inclusion 
map from Bj into N(B). Define a: 6~~ EK&Y(Bc,) --f eflt K(P-~C(Bv), p > 0 by 
a = Cp_,<- l)‘a,, and the augmentation map E : ev t ,+LY(B~T) + C(N(95’)) by E = 
CE~. It should be clear from the context whether a and 3, are maps on the nerve or 
inclusion maps on the CW-complexes. 
Definition 3.1. The generalized Mayer-Vietoris sequence is the chain complex 
. . . + a 63 C(B,)> @ C(B,)+v(.O)) -0 
c,eK”’ crt K”” 
with E its augmentation map and C(N(.%‘)) its augmentation. 
The following lemma was proven in [2]. 
Lemma 3.2. The augmented generalized Mayer-Vietoris sequence is exact. 
4. The generalized Mayer-Vietoris spectral sequence 
The unaugmented generalized Mayer-Vietoris sequence can be viewed as a 
double complex. Hence, it induces two spectral sequences, one of which FL,, 
converges to H,(N(B’)); the other EL,, is called the generalized Mayer-Vietoris 
spectral sequence, our principal object of study. For a general discussion of spectral 
sequences induced by double complexes, see [2], [l], or [5]. 
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Let 
C,,,= @UEK 
i 
c&J(&), if P 2 0, 4 2 0, 
0, else 
be the double complex with “horizontal” differential 3 induced by the simplicial 
boundary map on the nerve K and “vertical” differential 6 the direct sum of 
cellular boundary maps on the C(B,). Let (TC), = @p+q=mCp,q with d = 3 + 
(- lY’8 be its associated total complex. 
4.1. The (second) spectral sequence F’ 
Let us first consider the spectral sequence FL, defined by the filtration of the 
total complex f,,(TC), = ej c PC,,, _j,j. 
The F” term is 
F_q 2 0, 3 0, 2 C 4.p if p 4 
0, else 
with do z a. Since the augmented generalized Mayer-Vietoris sequence is exact, 
with d’ 2 6. The F* term of the spectral sequence is, therefore, 
F2 ~ H,(N(g)), ifpaO,q=O, 
P.4 
l 0, else. 
For dimensional reasons, the spectral sequence F’ collapses at the second term, 
that is, FPtq s FPyq, and 
H&V(S’))=F,~,,S @ Fzq= @ F;,*H,(TC). 
ptq=m p+q=m 
4.2. The generalized Mayer-Ketoris spectral sequence E’ 
Now let us consider the generalized Mayer-Vietoris spectral sequence Ei,q 
defined by the filtration of the total complex f,(TC), = @ispCi,m_i. 
The E” term of the generalized Mayer-Vietoris spectral sequence is 
E;“.4 G p.q 
i 
c =@ WEK~PCq(B,), if p>O, q&O, 
0, else 
with differential do G (- l)p8. The E’ term of the generalized Mayer-Vietoris 
spectral sequence is 
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with differential d1 isomorphic to a, : cB,,,dY(B,) -_, @,,Kcs_I,H(B,). The ,y2 
term of the spectral sequence is, therefore, 
Hp( @aEK(*)Hq(Bm), %), if P & 0, 4 2 0, 
0, else. 
5. Calculating the EZ term 
Given the above characterization of the E2 term of the generalized Mayer-Vie- 
toris spectral sequence, we would like to have a better description expressed in 
terms of the nerve poset K(9). We split the El and E2 terms into a direct sum of 
submodules summed over the elements of the intersection poset. We then describe 
each of the submodules of the E2 term as homology groups of subcomplexes of the 
nerve. 
First, we decompose Ej,4 into a direct sum of submodules (,?;,,I,, X E L(9)-, 
and (Ej,,),. 
Definition 5.1. Let (Ej,,), and <Ej,,jK be the submodules of Ej,4 defined by 
for X E L(B)-, and 
( I=( Ep’,GJ K e,,,(p)(H,(B,)/~~(B,)), if p >O, q = 0, 
0, else. 
Let (Ei,q)x be the submodule of E& defined by 
(%4)x= %((E’* ,4)X’ 42 
for X E L(9)-, where a, is the restriction of d1 to (E&l,. 
The proof of Theorem A below will show that <E&jx is well defined. Note that 
a,[cl = a, kl = co Q iG PC - iY(a,> * [cl. 
Lemma 5.2. 
Proof. Since H,(Z) = e,(Z) if q # 0 and Ej,, = 0 if p < 0, the result follows for 
either q + 0 or P < 0. Since H,(Z) = (H,(Z)/E?a(Z)) @I?,&Z), the result follows 
for p z 0, q = 0. q 
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The following theorem can be viewed as a generalization of Brieskorn’s lemma, 
[6, p. 3.1, essentially stating that the homology of P8.59) can be expressed as a 
direct sum of local contributions ordered by L(9)-. 
Theorem A. 
a3 XW&LJX’ if 17 & 0, 4 > 0, 
E2 = P4 
i 
H,(K) a3 XtL(.P)-(E;.O)X, ifP200, q=O, 
0, else. 
Proof. Since Ei 4 = 0 if p < 0 or 4 < 0, the rest& follows for either p < 0 or 4 < 0. 
Thus, by Lemma 5.2, it suffices to show that +(Ej,,), c (Ej_ ,,q)x for p > 0 and 
q & 0, and H,((Ei,J,, d’) 5 H,(K) for p 2 0 and q = 0. 
Let [c] E ti&B,) for c E KY), p 2 0, and q > 0. Since &.(B,) = 0 if dK(r) <q, 
a,[~] = C,xcaio,=4(~j>* [cl. Since d,($a) = dK(a) implies that ~D(+(T) = qo(rr) by 
Lemma 2.3, a,[~] E (Ei_,,I,. 
Note that (E&jK = 0 if q > 0. Since the center T9 is nonempty, let p be a 
point in T9. Choose the generator of H,(B,)/J?,,(B,) to be class represented by 
the point p. We can therefore identify (Ej,,), with C,(K). Since generators are 
mapped to generators by d’, d’ I fE;,clfK = a: C,(K) + C,_,W>, and the result 
follows. 13 
The following theorem essentially states that the local contributions can be 
expressed in terms of the nerve poset K(9). 
Theorem B. For X E .L(L~?)-, 
tI,(K[X], K(X)), $“p>,O, q=dL(X) > -1, 
0, else. 
Proof. Let X E L(g)-. Then dL(X) > - 1. 
Since Ej,y = 0 if p < 0 and H&X) = 0 if q # d,(X), the result follows for either 
p<Oor qfd,(X). 
Define r : (Ej,d,(Xj)X -+ C,(K[X], K(X)) by taking the generator of HdL&B7) 
to the class represented by r in C,(K[Xl, K(X)) for r E KY”). Clearly, r is an 
isomorphism with an inverse defined by taking the class represented by r to the 
generator of HdLcxj (B,) if 7 E p-‘(X) and to 0 if 7 EKIXI. 
Let [cl E tiq(S,) for (T f KY) and q = d,(X). If a,a 65 rp-‘(Xl, then, by Lemma 
2.3, d,(a,a) > q, fi,(&,) = 0 and (a,>*[~] = 0. Therefore, ~a,[cl = 
c + E v-1cxj( - l>‘~(i$) .+ [cl = I3+ Eq-~cxj( - l>‘a,cr = &dcl, and the result follows. 
0 
The description of the EZ term of the generalized payer-Vietoris spectral 
sequence for sphere arrangements follows immediately from Theorems A and B. 
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Theorem C. 
6. Collapsing at the second term EZ 
In this section, we show that the generalized Mayer-Vietoris spectral sequence 
for sphere arrangements collapses at the second term, that is, E2 G E”. We use the 
terminology of [l, 51. 
The d’ maps can be explicitly calculated by pushing eIements along the 
“zig-zag” in the following lemma proven in [l]. 
Lemma 6.1. For an element c,, E C,,, and r > 0, d'[c,l = 0 if and only if NC,) = 0 
and there exist elements Ci E C,_, qci, 1 G i G r, such that a(~~_,) = (- 1)P-i+18(ci). 
III particular, d’+‘[c,l = [d(c, + ‘. . . +c,)l = [Xc,>l. 
For each ci on the zig-zag, Xc,) is a cycle since s(a(c,)) = Xs(c,)> = 
(- l)p-‘+‘a(a(Ci_,)> = 0. Let (c), denote the part of c E eat K(DCq(B,) that lies 
in C&B,). Since ?X(a(c)>,) = (?$a(~>))~, (Xc)), is a cycle if Xc) is. 
Since fi,(P) = 0 for an n-sphere 9, q # ~1, we can decompose a(ci) into two 
parts. 
Definition 6.2. For c, E CP,4, let Xci> = a(ci) + a(, where the degenerate part 
a(~,) consists of top-dimensional cycles which cannot be “capped off”, 
-I 
c 
a(ci) = 
dK(7)=q.TEK(P)(a(Ci))7) if q>O, 
c dK(7)=0,-1,7~K(p)(a(Ci))7) if 4 = O, 
and the transverse part a( ci) consists of cycles in higher-dimensional spheres which 
can be “capped off”, 
%G= c (%)>Y 
dK(T)lq 
TEK’P’ 
The condition Xc;_,) = (- 1)p-i+18(ci) in Lemma 6.1 can be reinterpreted as 
the following two conditions a( ci_ 1) = ( - 1) - p ‘+‘6(c ) and a(ciP,) = 0 for sphere 
arrangements. The next lemma states that if cU redresents an element of E&, 
then it is always possible to find ci which satisfy the first of the two conditions. 
Lemma 6.3. If c0 represents an element of E&, then S(c,) = 0 and there exist 
elements ci E CP_i,,+i, i > 1, such that a=) = (- lY-‘+‘G(cj). 
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Proof. The result follows from the facts that gqfi_i(B7) = 0 if r l KCpPi) with 
dK(r) > 9 + i - 1, and that (a(~,)>, is a cycle from the comments following Lemma 
6.1. q 
The key to the next theorem lies in the fact that a cellular representative of the 
fundamental class, the generator of the top homology group H,JP) of an n-sphere 
9, can be written as C, t sD n cwiei where the coefficient (Y~ of the n-cell ei must be 
either k 1. In particular, all the (Y~ are nonzero. We say that the generator 
“contains” the n-cell ei if the coefficient (Y~ is nonzero. We will choose our caps 
from Lemma 6.3 such that if (xc,)), is a top-dimensional cycle in the sphere B,, 
the coefficient of one of the top-dimensional cells is zero, and, therefore, (a(~,)), 
has to represent the zero class. 
Theorem D. The generalized Mayer-Vietoris spectral sequence for sphere arrange- 
ments collapses at the second term. That is, if c0 E C,,, with d’[c,l = 0, then 
d’[c,] = 0 for all r 2 1. 
Proof. For each X E L(9);, n > 0, choose an n-cell e, in X. Let e, represent 
the n-cell e, in C,(B,) if cp(c+) =X. Thus, we have consistently tagged a specific 
top-dimensional cell e, in each sphere B,. 
We only need to show that a( ci) = 0 for the ci chosen in Lemma 6.3, i 2 0. 
Since d’[c,] = 0 by assumption, a( cO) = 0. Assume that the ci have been chosen 
such that a(ci_,> = (- l)P-if’G(~i), 1 G i G r, and a( ci) = 0, 0 < i < r. 
Let r E K(PPrP1). If dK(7) > q + r + 1, we make no further conditions on the 
choice of (c,+~)~ than what is required in Lemma 6.3, namely that a((~,),) = 
(- l)P--5s((C r+1)7). Assume that dK(T) = q + r + 1. Let Is,,~} be a basis for 
Z,+,(B,). Since (a(~,.)>, is a cellular cycle, let (XC,>), = Cia,,iS,,i. Choose each cap 
f7,i E Cq+r+l(Br) p such that S(f,,i) = (- 1) - ‘s~,~ and f,,i does not contain the 
tagged (q + r + l)-cell e7. Note that this is possible since an (n - ll-sphere 
embedded in an n-sphere has exactly two caps. Thus, f,,i is that cap of the 
(q + r)-sphere s,,~ which does not contain the tagged (q + r + l)-cell e7. Let 
(~,+i)~ = CiaT,ifT,i> and let c,+I~~(~)>~+~+I (c,+ 1)7. Therefore, our choice of 
C r+ 1 still satisfies the conditions a( cr) = ( - l)P-rS(~,+ 1) in Lemma 6.3. 
Now we will show that the conditions on the choice of c,+ 1 force a( c,+ 1) = 0. 
Let 77 EK(p-r-2) with d,(v) = q + r + 1. Note that 
(~(Cr+l))?J = c %,i( - l)jaj(fr,i) * 
T,Z .I 
a,r=q 
d,(7)=q+r+l 
OGj<p-r-l 
By Lemma 2.3, q(r) = (p(n) for all of the r which satisfy air = n, dK(T) = q + r + 1 
and 0 <j <I, - r - 1. Thus, none of the ?ij(f,,i) contains the tagged cell e, since we 
chose the tagged cells consistently. Since l&-&B7) = Z, (a(~,+~)>, = ms, for 
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some m E Z, where s,, represents the fundamental class of B,. However, since So 
contains e, and (a(~,+~>>, does not, m must be 0. Thus, a(~,+,) = 0. 0 
Therefore, 
fB xEL(3),Hp(K[Xl, K(X)), if p 2 0, q > 0, 
E;,q = E;,4 2 HJ K > CB x~L~~~~~~(~[XI, K(X)), if p 2 0, 4 = 0, 
0, else. 
7. Getting around the extension problem 
In this section, we turn our attention to the extension problem. We know that 
Thus, both H,(N(B)) and @p+qZm P,q E2 converge to the same object, H,(TC), the 
homology of the total complex TC. Instead of solving each extension problem, we 
consider two new spectral sequences which are closely related to E’ and F’. They 
give us an explicit isomorphism between @p+q=m Ei,q and H,(N(B)). 
Rather than considering the unaugmented generalized Mayer-Vietoris se- 
quence, viewed as a double complex, which generated F’ and E’, we consider the 
augmented generalized Mayer-Vietoris sequence which generates the spectral 
sequences Pr and ET. 
Let 
C,q = 
( 
@ orK(PCq(B,), if pZ=O, q>O, 
CqvWm if p= -1, q>O, 
0, else, 
be the double complex with “horizontal” differentials a for p 2 1 and E for p = 0 
and “vertical” differential 6. Let (??), = @p+q=m?P,q, with d^= a + (- lP6 for 
p & 1 and d^= E + ( - HP6 for p = 0, be its associated total complex. 
First, let us consider the spectral sequence $i,q defined by the filtration of the 
total complex f,(z), = ejG p?m_j,j. The go term is 
A 
fi;,, p 
i 
CP,P if pa -1, q20, 
0, else 
with d^” z 8 for p > 1 and d^” E E for p = 0. Since the augmented generalized 
Mayer-Vietoris sequence is exact by Lemma 3.2, the spectral sequence F^’ col- 
lapses at the first term with ##$ = l$‘,, 0. Hence, there is no extension problem 
in relating H,(z) and iPy, since H,(TC) = ~~+~=~i& = 0. 
Now let us consider the spectral sequence EL,q, defined by the filtration of the 
total complex f,(Z), = ei G pc‘i,m_-i. 
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Since C,,, = C,,, for p # - 1, we have 
( 
f3 rrEK(~G@J~ if p> -l,g>O, 
-QY = C,(N(S)), if p= -1, 420, 
0, else, 
I 
E’ =cB CT E K(JJ)ffq( B,) 3 
Q,* = H;;N(B))) 
if p> -1, q>O, 
if p= -1, q>O, 
0, else 
and _2;,= E,‘,, for 1 G r <p + 1. 
Let ;I, E CP,, represent a nontrivial element of E& with cP E C,,+, the pth 
element on the zig-zag defined up to choice of caps by dP[c,l = [Xc,_ ,>I and 
Xc,_,> = -6(c,) in Lemma 6.3 and Theorem D. Let d: ePfqcnE,fq + H,(N(B’)) 
be defined by d[c,] = [4cp)l. Note that 2 is well defined since ~(E(c~)) = di3(cp)) 
= -&(a(c,_,)) = 0 and E(Cp) E Z,+,(N(A?)) if c0 E C,,,. 
Lemma 7.1. The map 2: Gpfq=,,E& + H,(N(.%‘)) is an isomorphism. 
Proof. Let c0 E C,,, represent an element of Ej,4 with z[cO] = [.4cp)l = 0 E 
H,,+,(N(&‘)). There exists some b E C,+,+,(N(&‘)) such that 4cp)=8b. By 
Lemma 6.1, d^P+l[cO] = 0. However, since C,,, = 0 if s < - 1, k[c,] = 0 for all 
r >p + 1. So, c0 represents an element of l?;, = 0. Therefore, [co] is an r-boundary 
in I?;,, for some r > 1 and thus in Ei,q. Since E; 4 f E&, c0 represents the zero 
element in Ejf4 as well as in E;,,. Thus, d: ePfqznE& + H,(N(LB)) is injective. 
Let c0 be an element of Z,(N(9’)). Then c0 is in C-i,, and represents an 
element of BY, n. Since C,,, = ’ n 
0 if s < - 1, d;[c,,] = 0 for all r > 1 and [c,] E&,,,. 
However, since E” I,n = 0, c,, must represent an r-boundary for some r > 1. Thus, 
there exists some b, E C,_ i,* _-r+ 1 representing an element in 81_ 1 n _r+ 1 such that 
d”‘[b,]=[c,]. If r > 1, then 6, represents an element of ~??_i,~_~+r since 
%,n-r+i ~El+-,+i =-&i,n-r+,. If r = 1, then b, represents an element of 
EA,, since Ei,, z E&,. But, then b, represents an element of E& as well since 
C- l,Pl = 0 and dl[bO] = 0. Thus, 2: cBptq_E& + H,(N(LS’)) is subjective. 0 
The homology of the union of a sphere arrangement 9 follows from Theorems 
C and D, Lemma 7.1 and the fact that K is a simplex. 
Using Alexander duality, we get the main result for sphere arrangements. 
Theorem F,. For a sphere arrangement 9 in an l-sphere, 
fi”(M(g)) = Cl3 CT3 H,_,_,_,(K[X], K(X)). 
4 XGA9), 
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Since the complement of a subspace arrangement is homeomorphic to the 
complement of its associated sphere arrangement, we get the main result for 
subspace arrangements. 
Theorem F,. For a subspace arrangement & in R’ with associated sphere arrange- 
ment 9, 
8. An example 
Consider the following example which illustrates the generalized Mayer-Vieto- 
ris spectral sequence method of computing the cohomology groups of the comple- 
ment of a subspace arrangement. 
Example. Let 52 lo have coordinate functions {x1, . . . , xlo}. Consider the following 
central subspace arrangement .PZ = {Aj>,6_ I in RI0 consisting of six 5-dimensional 
subspaces with center TM the origin 0: 
A,={x,=x,=x,=x,=x,=O}, 
A,={x,=X2=X6=X,=Xa=0}, 
A,= 1 x,=x3=x6=xg=xro = 01, 
&=I x*=x~=x,=xg=x,~) = 01, 
A,={x,=x,=x,=x,=x,=O}, 
A6=I x4=x~=x~=x*=x10=o}. 
Let ~8’ = {B,),“_, be the associated sphere arrangement in S1’ consisting of six 
5-spheres with center T9 being 0 U 00. 
The Hasse diagram of K(9) is given in Fig. 1. The equivalence classes of 
K(9) are indicated by the bubbles, while the partial ordering has been supressed 
Fig. 1. The nerve poset K(B). 
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0 1 2 3 4 5 
Fig. 2. The E’ and E2 
0 1 2 3 4 5 
terms. 
but should be clear (e.g., 1 > 12 > 125 > 1235 > 12345 > 123456). The dimension 
function d, is written as a superscript. 
Using the generalized Mayer-Vietoris spectral sequence, we get the E’ and E2 
terms shown in Fig. 2. In the E’ term, each p-simplex (T in K(9) contributes a 
copy of B to E;,. and another copy of Z to Ej,dK((Tj. In the E* term, each 
p-simplex u in K(9) contributes a copy of 7 to E&K(mj if it is in a trivial 
equivalence class. The contributed copies of Z in Ei,, from each p-simplex of 
K(g) (only one copy of Z if d,(a) = 0) can be viewed as part of the chain 
complex of the nerve K. Since the nerve K is a 5-simplex, it only contributes one 
copy of Z to Et,,. 
Now let us consider the nontrivial equivalence class with minimal element 
123456. Note that K[B,,,,s, I is a 5-simplex. As seen in Fig. 3, K(Bi2& is 
homeomorphic to the real projective plane RP2. Hence, 
6 
3 4 @ 5 2 
2 1 3 
6 
Fig. 3. The projective plane RP’. 
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Table 1 
Calculating E,2,, 
LX d K[Xl K(X) P 4 E;,, lx d K[Xl K(X) P q E,z,, 
1 5 A0 g 05L 35 2 A’ a A' 1 2 z 
2 5 A0 ; 0 5 z 36 2 A’ a A' 1 2 b 
3 5 A0 05L 45 2 A’ aA’ 1 2 z 
4 5 A0 # 05L 46 2 A’ aA’ 1 2 z 
5 5 A0 ; 0 5 L 56 2 A’ a A' 1 2 z 
6 5 A0 05z 125 1 A* aA 2 1 L 
12 2 A’ aA’ 1 2 b 126 1 AZ aA2 2 1 z 
13 2 A’ aA’ 1 2 L 134 1 A2 aA2 2 1 z 
14 2 A’ aA’ 1 2 z 136 1 A2 aA 2 1 L 
15 2 A’ aA1 1 2 z 145 1 A2 aA2 2 1 z 
16 2 A’ a A' 1 2 z 234 1 A2 aA2 2 1 L 
23 2 A’ aA’ 1 2 z 235 1 A* aA2 2 1 L 
24 2 A’ aA’ 1 2 z 246 1 A2 aA2 2 1 z 
25 2 A’ aA’ 1 2 z 356 1 A2 aA2 2 1 z 
26 2 A’ a A' 1 2 z 456 1 A2 aA2 2 1 z 
34 2 A’ aA’ 1 2 L 12345 0 A5 RP2 2 0 L, 
contributing a copy of Z, to E& in the E2 term. Table 1 contains a listing of the 
contributions from each equivalence class to the E2 term. 
Thus, 
f 
z 29 if n = 2, 
else, 
and, by using Alexander duality with E = 10, we have 
f z6, if n = 4, 
LO, else. 
It was noted in [9] that, unlike hyperplane arrangements, subspace arrange- 
ments can have torsion in the cohomology of its complement. Notice that this is 
such an example. 
9. Final remarks 
Most of this work was completed in spring 1991, and it took some time to 
prepare the text. Recently the author received information that V. Vassiliev 
claimed that the degeneracy of a similar spectral sequence also gives the 
Goresky-MacPherson formula (see [7]), and that Y. Hu proved a generalization of 
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the Goresky-MacPherson formula using one-point compactifications and a dele- 
tion-restriction argument applied to the Mayer-Vietoris sequence (see [4]). An 
alternate description of the cohomology of the complement can be found in the 
work of G. Ziegler and R. Zivaljevic, see [8]. 
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